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Abstract 
A continuous subjection from a compact space to itself is an almost homeomo~hism if it is 
one-to-one except on a finite subset. It is shown that every almost homeomorphism on a sim- 
ply connected compact space is a homeomorphism. Similar questions are examined for totally 
disconnected and related spaces and for products. The question of characterizing those spaces on 
which every almost homeomorphism is a homeomorphism is motivated by the study of the Fred- 
holm spectrum of composition operators in spaces of continuous functions. 0 1997 Published by 
Elsevier Science B.V. 
If K is a Hausdorff space and cp is a continuous urjection of K onto itself, then y 
is defined to be an almost humeom~~h~sm of K if there is a finite subset F of K such 
that the restriction of ‘p to X\F is a homeomo~hism onto ~\~~~). For a compact 
Hausdorff space K it is easily verified that a continuous urjection p : K -+ K is an 
almost homeomorphism iff there is a finite subset F of K such that the restriction of 
cp to K\F is one-to-one and onto K\p(F). The purpose of this paper is to provide 
a partial characterization of those compact Hausdorff spaces on which every almost 
homeomo~hism is a homeomo~hism. This problem is motivated by the study of the 
Fredholm spectrum of composition operators in spaces of continuous functions. Since an 
understanding of the Fredholm spectrum adds to but is not necessary for a reading of this 
paper, we have placed the relevant details in an appendix. We define AH to be the class 
of all Hausdorff spaces on which every almost homeomorphism is a homeomorphism. 
The reader interested in related problems is referred to the recent papers by Vermeer (91 
and Thtimmel 181, and to the book by Abramovich, Arenson and Kitover [l]. 
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The paper is divided into three sections: totally disconnected spaces, arcwise connected 
spaces, and products. We will assume all spaces are Hausdorff. N will denote the natural 
numbers and X V Y will denote the disjoint union of X and Y. 
1. Totally disconnected spaces 
A compact space is totally disconnected (or equivalently for compact spaces, zero- 
dimensional) if each point has a clopen neighborhood base. In this section we examine 
almost homeomorphisms on totally disconnected and related spaces. 
Definitions. For a function f E C(K), the Zero-set off is Z(f) = {Ic E K: f(k) = 0) 
and the co-zero set of f is Cz(f) = {Ic E K: f(k) # 0). The collection of all zero 
sets on a space X is denoted Z(X). An open subset of a compact space is a co-zero set 
for some function iff it is an open F, set. A compact space K is called an F-space if 
the closures of any two disjoint co-zero sets are disjoint; is basically disconnected if the 
closure of any co-zero set is open in K; and is extremally disconnected if the closure of 
any open set is open in K. Notice that every extremally disconnected space is basically 
disconnected and every compact, basically disconnected space is a totally disconnected 
F-space. A point k E K is called a P-point if for any countable family {I&} of open 
neighborhoods of k, k E int n,“=, V,. (Notice that we do not assume k is a nonisolated 
point.) It follows [5, 4L] that k is a P-point of K if and only if any f E C(K) is 
constant on some neighborhood of k. A closed, continuous surjection cp: X -+ Y is 
called irreducible if for no proper closed set A c X is p(A) = Y. 
Our major observation in this section is that P-points play a fundamental role in 
determining whether an F-space is in AH. 
Theorem 1.1. Let K be a compact F-space and let cp: K -+ Y be a continuous map 
of K onto the space Y such that for two nonisolated points a and b in K, cp(a) = cp(b) 
and (P/K\(~,~) is one-to-one and onto Y\cp({a, b}). Then Y is an F-space ifSat least 
one of a or b is a P-point. 
Proof. Assume neither a nor b is a P-point. We show Y is not an F-space. Pick disjoint 
open neighborhoods V and W of a and b, respectively. Since neither a nor b is a P- 
point, we can find functions f and g E C(K) such that 0 < f, g < 1, f(a) = g(b) = 1, 
Cz(f) c V, Cz(g) c W, a E clA and b E clB, where A = {k E K: 0 < f(k) < 1) 
and B = {k E K: 0 < g(k) < I}. The sets A and B are open, disjoint F, sets and, 
because cp is a homeomorphism of A U B onto p(A) U q(B), p(A) and p(B) are also 
disjoint F, sets. But p(a) E cl p(A) n clq(B), so Y is not an F-space. 
Now assume at least one of a or b, say a, is a P-point. To prove Y is an F-space, let U 
and V be disjoint, open F, sets in Y and let c = cp(a) = cp(b). Then ‘p-’ (U) and cp-’ (V) 
are disjoint, open F, sets in the F-space K, so cl cp-’ (U) n cl cp-’ (V) = 8. To prove 
cl U f! cl V = 8, it is sufficient to show c $! cl U n cl V. If a E ‘p-’ (U) then b E ‘p-l (U), 
so c $ cl U I- cl V. Similarly if a E cp-‘(V). Now assume a q! cp-‘(U) U q-‘(V). Then 
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since a is a P-point, there is some open neighborhood W, of a with W, contained in 
the Gg set K\((p-‘(U) U cp-‘(V)). Either b $ clap-‘(U) or b $! clap-‘(V); we assume 
b $ cl cp-’ (V). Then there is an open neighborhood Wb of b with Wb 0 cp-’ (U) = 8. 
Then c is in the open set W = cp(W,) U cp( Wb) and W n U = 8, so c +! cl U n cl V. 
Thus, Y is an F-space. 0 
We omit the straightforward proof of the following lemma. 
Lemma 1.2. Let K be a compact space, let a, b E K, and let cp : K --f K be a continuous 
surjection with y(a) = cp(b) and the restriction of cp to K\{a, b} one-to-one and onto 
K\cp({a, bl). Then ‘P( ) a is a P-point iff both a and b are P-points. 
Corollary 1.3. If K is a compact F-space with at most finitely many P-points, then 
KEAH. 
Proof. Let K be a compact F-space with at most finitely many P-points and assume 
K $ AH. Then there is a continuous surjection ‘p : K -+ K and a finite set F C K such 
that the restriction of cp to K\F is one-to-one and onto K\v(F). If cp identifies two 
P-points or a P-point with a non-P-point, then by 1.2, cp reduces the number of P-points 
and so the image cannot be homeomorphic to K. If cp only identifies non-P-points, then 
these points must be nonisolated points. Let a and b be in F with p(a) = cp(b). Then, 
as in the proof of Theorem 1 .l, we can assume (V U W) n (F\{a, b}) = 0, so that cp is 
still a homeomorphism of AU B onto p(A) U p(B) and p(A) U q(B) is an F,. Then, 
again as in Theorem 1.1, K is not an F-space. In any case, we reach a contradiction. 
Therefore, K E AH. 0 
Since a space which satisfies the countable chain condition (i.e., any set of mutually 
disjoint open subsets is at most countable) has no nonisolated P-points [7], we have the 
following corollary. 
Corollary 1.4. If K is a compact F-space which satisfies the countable chain condition 
and has no isolated points, then K E AH. 
The next corollary shows that the condition that K has no P-points is necessary in The- 
orem 1.1. N* = /3W\N (where PN is the Stone-Tech compactification of the natural num- 
bers N) is a compact, F-space without isolated points [ 121 and yet we have the following. 
Corollary 1.5 (CH). N* $ AH. 
Proof. Under the Continuum Hypothesis N* has infinitely many P-points [12], so let 
a and b be two P-points in N*, let cp be the map which identifies a and b, and let 
Y = ~J(N*) and c = p(a). To show Y is homeomorphic to RI’, it is sufficient [14] to 
show Y is compact, totally disconnected, has weight c, has every zero set regular closed, 
and is an F-space with no isolated points. Clearly, Y is compact of weight c, has no 
isolated points, and is totally disconnected. Y is an F-space by Theorem 1.1. 
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Now let Z(g) C Y be a zero set. Then cp-‘(Z(g)) = Z(g o cp) is a zero set in N”, so 
cp-‘(Z(g)) = cl~*U for some open U 2 W’. Then Z(g) = (P(cIN*U) = cly((~(U)) _> 
cly int(U) since cp is continuous and closed. We claim Z(g) = cly intcp(U). If both a 
and b are in U or neither is in U, then int p(U) = p(U) and Z(g) = cly int p(U). If, 
say, a E U and 6 $ U, then int cp(U) = cp(U)\{c}. But then since a is not isolated, 
cly int v(U) = cly q(U) = Z(g). I n any case, every zero set is regular closed. q 
It is interesting to note that it is consistent hat N* has no P-points. (This re- 
sult is credited to Shelah [ll, p. 5051.) Thus, by Corollary 1.3 it is consistent hat 
RI* E AH. The space N* is not basically disconnected [12]; however, in Corollary 1.7 
we prove that a compact, basically disconnected space with at most finitely many iso- 
lated points and no P-points must be in AH, while in Example 1 .I 1 we give an ex- 
ample of a compact, basically disconnected space with no isolated points which is not 
in AH. 
Theorem 1.6. Let K be a compact basically disconnected space and let cp : K + Y be 
a continuous map of K onto Y such that for two nonisolated points a and b in K, the 
restriction of cp to K\ { a, b} is one-to-one and onto Y\(p({a, b}). Then Y is basically 
disconnected iff both a and b are P-points. 
Proof. If neither a nor b is a P-point, then it follows from Theorem 1.1 and the fact that 
every basically disconnected space is an F-space that Y is not basically disconnected. If 
a is a P-point and b is not a P-point, then since every compact basically disconnected 
space is totally disconnected and b is not a P-point, there is a countable sequence 
{P,: n E W} of sets clopen in K with b E n,“=, F, but with the intersection owhere 
dense. Now construct a sequence {E,: n E N} of clopen sets each containing a and 
with E, n F, = 0 for each n E W. Let fn be the characteristic function of E, U F,. 
Let L = {f E C(K): f(a) = f(b)}. N o ice that fn E L for each n E N. Then [3] t 
L is isometrically isomorphic to C(Y). If we assume Y is basically disconnected, then 
f = inf fn exists in L and is continuous. Since a is a P-point, there is an open set U 
containing a which is contained in n,“=, E,. Then for each n, fn(lc) = 1 for every 
II: E U. Thus, f(a) = 1. If it were true that f(b) > 0, then by the continuity of f, 
there would be an open neighborhood V of b such that f(z) > 0 for all 2 E V. But 
since n,“=, F, is nowhere dense, there is some J: E V rl (Y\Fk) for some Ic E N. Then 
ok = 0 so that f(x) = 0. It follows that f(b) = 0. Thus, f cannot be in L. This 
contradiction shows Y cannot be basically disconnected. 
Now assume a and b are both P-points and U is an open F, in Y. Then cp-i (U) is 
an open F, in K, so cl ‘p-‘(U) is open. Let x E cl U. If x # c we can find an open II& 
with c $ W, and cp-‘(x) E IV, c clap-i(U). Then cp(W$) is an open neighborhood of 
x and is contained in cl U. If x = c, and x E U, we are done, so assume x $! U. Then 
a, b # cp-‘(U), which is an F,, so there are open sets W, and Wb containing a and b, 
respectively with (W, U Wb) n cp-’ (U) = 0. Then cp(W,) U (p(Wb) is a neighborhood 
of c = 2 missing U, so x $ cl U. It follows that clU is open and Y is basically 
disconnected. 13 
L.M. FriedleG A. K. Kitover / Topology and its Applications 81 (1997) 233-246 237 
Corollary 1.7. If K is a compact basically disconnected space with at mostBnitely many 
isolated points and no P-points, then K E AH. 
Theorem 1.9 below will be used in the proof of Example 1 .l 1. It also provides a 
method of studying almost homeomorphisms on noncompact spaces. We will assume the 
reader is familiar with the construction of PX as a space of ultrafilters of zero-sets (z- 
ultrafilters). The reader is referred to [12] for details. We omit the proof of Lemma 1.8(a). 
Lemma 1.8. Let f : X + X be an almost homeomorphism on a space X containing 
the jnite subset F c X such that the restriction off to X\F is a homeomorphism onto 
X\v(P). 
(a) Then f is a pet$ect map. 
(b) ZfX is completely regulal; 2 E Z(X), and Z n F = 0, then f(Z) E Z(X). 
(c) If X is completely regular and U is a free z-ultrafilter on X, then f#(U) = {Z E 
Z(X): f-‘(Z) E U} is a z-ultrafilter 
Proof. (b) Since Z E Z(X), there is a continuous function g : X + [0, l] such that Z = 
g-’ (0). Also, since X is completely regular and F is finite, there is another continuous 
function h: X + [0, l] such that h(Z) = 0 and h(F) = 1. Let h’ = max{g, h}. Then 
h* is continuous, 2 = h*-’ (0), and h*(F) = 1. To show f(Z) is a zero set, define 
k:X + [0, l] by k(z) = h*(f-‘(2)) if 2 $! f(F) and k(z) = 1, otherwise. Then k is 
continuous and k-‘(O) = j’(Z). 
(c) f#(U) is a (prime) z-filter [12]. To show that it is a z-ultrafilter, assume Z E Z(X) 
and Z n V # 0 for all V E f#(Z4). We claim f-‘(Z) n U # 0 for all U E M. If 
f-‘(Z) n Ua = 0 for some UO E U, then since U is free, if F = {ICI, x2, . . , 2,) then 
foreachi=1,2,...,n,thereissomeU,EUwithz,~U,.LetU*=UonUln...nU,. 
Then U* E U, f-‘(Z) n U” = 0, f(U*) E f#(U) by part (b), and Z n f(U*) = 0-- 
a contradiction. Thus, f-‘(Z) n U # 0 for all U E U, and so f-‘(Z) E U, since U is a 
z-ultrafilter. It follows that Z E f#(U), so that f#(U) is a z-ultrafilter. 0 
Theorem 1.9. Zf X is completely regular and f : X ----f X is an almost homeomorphism, 
then Bf : PX --) /3X is an almost homeomorphism. 
Proof. Since f is perfect by Lemma 1.8(a), Pf restricted to PX\X is surjective [12]; 
we show it is also one-to-one. Assume p and q are distinct points in /3X\X and r = 
Pf (p) = of(q). Let At’, Aq, A’ be the unique z-ultrafilters on X which converge 
in PX to p, q, and r, respectively. Then by Lemma 1.8(c), f#(Ap) and f#(A’J) are 
z-ultrafilters which must converge to T, so that f#(Ap) = f#(Aq) = A’. Since p # q, 
AP # AQ, so there are Z,, Z, E Z(X) with Z, E AP, Z, E A4 and Z, n Z, = 0. By 
Lemma l&b), f(Z,), f(Zq) E Z(X), so that f(Z,), f(Z,) E f#(AP) = f#(Aq) = A’. 
But f(Z,) n f(Z,) = 0. Thus, Pf restricted to pX\X is one-to-one and so Pf is an 
almost homeomorphism. q 
To construct an example of a compact, basically disconnected space with no isolated 
points which is not in AH (without using set-theoretic axioms), we proceed in two steps. 
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First we show the existence of a compact, basically disconnected space with no isolated 
points and at least two P-points. 
Example 1.10. A compact, basically disconnected space K with no isolated points and 
at least two P-points. 
Let Y be an uncountable space in which all points are isolated except for one points s. 
A neighborhood of s is any set containing s whose complement is countable. Then [5,4N] 
Y is basically disconnected and s is a P-point. Consider X = Y x [0, l] with {s} x [0, l] 
identified to a point. Then s is a P-point and X has no isolated points. Let aX be the 
sigma-absolute of X. (See [ 151 or [lo].) aX is the smallest basically disconnected space 
containing X. Then [lo] there is a closed, continuous, irreducible mapping n : aX + X. 
It follows that -4-‘(s) is a P-set. Now, identify this P-set to a point and let 2 be the 
resulting space. 2 is basically disconnected [lo], has no isolated points, and at least 
one P-point. Finally, K = ,B(Z V 2) is basically disconnected since the Stone-Tech 
compactification of a basically disconnected space is basically disconnected [5, 6M], has 
no isolated points, and has at least two P-points. 
Example 1.11. A compact, basically disconnected space X with no isolated points and 
Xq!AH. 
Let K be the space of Example 1.10, let a and b be P-points in K, and let A4 be 
the result of identifying a and b in K. Then M is compact, basically disconnected by 
Theorem 1.6, has no isolated points, and has at least one P-point by Lemma 1.2. Let 
X = P((K x N) V (M x N)). Then X is compact, has no isolated points, has infinitely 
many P-points, and is basically disconnected since the Stone-Tech compactification of 
a basically disconnected space is basically disconnected [5, 6M]. K is embedded into X 
as a clopen subset. If the points a and b in K are identified, we claim the resulting map 
is an almost homeomorphism on X. Points (k,n) E K x N (n > 1) go to (k,n - I), 
K x (1) moves to M x {l}, and points (m,n) E M x N go to (m,n + 1). Now use 
Theorem 1.9 to extend this map to X\(K x N V M x N). 
For extremally disconnected spaces the situation is quite different. 
Theorem 1.12. Zf K is an extremally disconnected space with no isolated points, then 
KEAH. 
Proof. Assume cp : K + K is an almost homeomorphism which is one-to-one except 
on the finite set F C K. Then since no point in F is isolated, cp is irreducible, hence a 
homeomorphism [12, Lemma 10.501. 0 
Remarks. Since the absolute of a compact space is a compact, extremally disconnected 
space which maps onto the space by a perfect, irreducible function [12], it follows from 
Theorem 1.12 that every compact space is the perfect irreducible image of a space in AH. 
Also, if we assume that each cardinal is Ulam-measurable (an assumption consistent with 
ZFC), then [5, 12H] any extremally disconnected compact space can have only isolated 
P-points. In this case, Theorem 1.12 follows directly from Corollary 1.3. 
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The preceding results have all assumed at most finitely many isolated points. The case 
with infinitely many isolated points is quite different and will be treated in a separate 
paper. We prove only the following special case which is needed in Theorem 1.14. 
Lemma 1.13. If a compact space K is first countable and has infinitely many isolated 
points then K $ AH. 
Proof. If K is a compact space K with infinitely many isolated points, let {xn} be a 
sequence of isolated points converging to the point x E K. Identify xi and x2 to xi, 
and for n > 2 map xn+i to x,. We extend the map to all of K\{xn} using the identity 
map. It is easily verified that the resulting map is an almost homeomorphism. 0 
The next theorem shows that for an important class of totally disconnected compact 
spaces there always exist almost homeomorphisms which are not homeomorphisms. Re- 
call that every compact, totally disconnected metric space with no isolated points is 
homeomorphic to the Cantor set [ 131. 
Theorem 1.14. If K is a compact, metrizable, totally disconnected space then K $ AH. 
Proof. If K has infinitely many isolated points, then since K is metrizable, the result 
follows from Lemma 1.13. Now assume K is the union of finitely many isolated points 
and a subspace C homeomorphic to the Cantor set and let p identify the points l/3 and 
2/3. Then p(C) is compact, has no isolated points, and is easily totally disconnected. 
p(C) is metric since it is the continuous image of a compact metric space. Thus, p(C) 
is homeomorphic to C and so p(K) is homeomorphic to K. 0 
2. Arcwise connected spaces 
In this section we show that some important classes of arcwise connected spaces 
(e.g., compact manifolds and simply connected spaces) are in AH. On the other hand 
Example 2.10 below shows that not all compact, arcwise connected spaces are in AH. 
Theorem 2.1. tf K is either a compact n-dimensional manifold or a compact n- 
dimensional manifold with boundary, then K E AH. 
Proof. If n = 1, the manifold K is either homeomorphic to the unit circle or to the unit 
interval [0, 11, and our statement is clearly true. Let n > 1. If K $ AH then there are a 
continuous map cp of K onto itself, a finite subset F of K, and a point c E v(F) such 
that cp is a bijection of K\F onto K\(p(F) and p-‘(c) = {al>. . , a,}, m > 1. Let 
UI, . . , U, be small enough disjoint open neighborhoods of al, . . , a,, respectively. 
Then UZ”=, cp(uz) is an open neighborhood of c and nz”=, cp(U~) = {c}. However, since 
K is either a manifold or a manifold with boundary, we can pick Ui, . . , U, so that 
UE”=, cp(U~) is either homeomorphic to IV or to lFV$ = {(XI,. . . .x,) E Iw”: xi > O}- 
a contradiction. 0 
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Theorems 2.2 and 2.7 below are proved for the special case in which F consists of 
exactly two points identified to one point. The general case of each theorem follows with 
minor modifications and we omit those details. 
Theorem 2.2. If K is a simply connected compact space then K E AH. 
Proof. Suppose to the contrary that K $ AH. Then assume there is a continuous sur- 
jection cp : K --+ K and points a, b, and c in K such that p(a) = p(b) = c and the 
mapping is one-to-one on K\{a, b}. (The reasoning in the general case is similar.) Let 
y : [0, l] + K be a simple curve in K such that y(O) = a and y(l) = b. Then the 
mapping ,C3 = cp o y is a simple closed curve in K and therefore fi is homotopic to 0. 
Let H: [0, l] x [0, l] -+ K be a corresponding homotopy such that for any u E [0, l] 
we have H(u,O) = H(u, 1) = c and for t E [O,l], H(O,t) = p(t) and H(l,t) = c. Let 
U, and Ub be open neighborhoods of a and b, respectively with disjoint closures and let 
U = cp(U,) and V = (p(Ub). Then UUV is an open neighborhoodof c and UnV = {c}. 
For any fixed u E [0, 11, let us say the curve H(u, *) makes a “trip between U and V” 
if there is a closed subinterval Ip, 41 of [0, l] such that H(u,p) E clU, H(u,q) E clV 
and H(u, t) E K\(cl U U cl V) for p < t < q. 
Let u E [0, I]. We claim that tr(u, U, V), the number of trips between U and V and 
between V and U, is finite, and moreover 
sup tr(u, U, V) < 00. 
uE[O,Il 
(1) 
Proof of (1). Suppose to the contrary that SU~,~[~,,~ tr(zl, U, V) = 00. Then for any 
natural number n there are real numbers pn, qn, and u, in [0, I] such that 0 < qn - 
pn < l/n, H(u,,p,) E clU, H(u,, qn) E clV, and H(un, t) E K\(clU U clV) if 
p, < t < qn. Now, notice that because (cl U f~ cl V)\{c} = 8, and because for each 
n E N the set {H(u,, t): t E bn, qn]} is connected, intersects both cl U and cl V, and 
does not contain c, it follows that for each n E N there is a point T,, p, < rn < qn, 
such that H(u,, T,) $! cl U U cl V. Let p be a common accumulation point of the sets 
{p,}, {qn}, and {rn} and let u be an accumulation point of {un}. Then since p is an 
accumulation point of {p,} and {qn}, we have H(u,p) E clU n clV = {c}, while 
since p is an accumulation point of {TV}, we also have H(u,p) @ U U V, which is a 
neighborhood of c. This contradiction establishes (1). 
In view of (1) the interval [0, l] is the union of two disjoint sets: A, = {u E 
[0, 11: tr(u, U, V) . IS even} and A, = {u E [0, 11: tr(u, U, V) is odd}. Since H( 1, t) 3 c, 
tr( 1, U, V) = 0 and so A, is nonempty. Since H(0, t) = ,0(t) is a simple closed curve, by 
chasing U, and Ub small enough, we have tr(0, U, V) = 1, so that A, is also nonempty. 
We will reach a contradiction by showing that both A, and A, are closed. So, let a, 
be a sequence in A, and let lim,,, a, = a. In view of (1) tr(u,, U, V) takes on 
only finitely many values (totally) so that without loss of generality we can assume that 
tr(u,, U, V) f 2k for every n E N. 
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We first claim that there are open sets W, and Wb, which have disjoint closures, which 
contain cl U, and cl Ub, respectively, and for sufficiently large n 
tr(o,. cp(W,), ~0%)) 6 tr(a., U, V). (2) 
Proof of (2). If (2) does not hold, then for any open neighborhoods W and 2 of cl U, and 
cl Ub and for any natural M, we can find some n > M such that tr(a,, p(W), p(Z)) 3 
tr(a, U: V) + 1 = I+ 1. For fixed n, W, and Z, let bR,w,z,qk,w,z], i = 1,2,. . ,I + 1, 
be the corresponding trip intervals, where 0 < ~i,n,,~ < qA,w,z < pi,w,z < ... < 
qktrfv z < 1. For each i, i = 1, . i 1-t 1, we can find accumulation points pi and qi of the 
sets &I~,~,~} and {qi n,w,z}, respectively such that H(a, t) $ (U UV) if p’ < t < q” and 
either H(u,$) E cl U\(UUV) and H(a, qi) E clV\(UUV) or H(n,#) E clV\(UuV) 
andH(a,q”) ~clU\(UUV).Thus,foreachi,i=l, . . . . l+l,thecurveH(a,*)makes 
at least one trip between U and V or between V and U on the interval v, qi]. This 
contradicts the definition of 1, and so establishes (2). 
Next, notice that since H is continuous and since cl(U U V) C q(Wa) U (p(wb), 
whenever a, is sufficiently close to a, to each trip of the curve H(u, *) between U and 
V or between V and U, there corresponds at least one trip of the curve H(u,, *) between 
~(Wcz) and cp(W ) b or between $!J(wb) and ‘p( Wa), respectively. Thus, for sufficiently 
large n we have 
tr(a, u, V) = tr(% cP(w,), ‘P(wb)). 
Fix n, cp(W,) and cp(W ) b so that (3) holds. Then we have 
(3) 
2k: = tr(U, u, V) < tr(G, Cp(wa), cP(wb)) = hfa, u, v). 
Let [p’, qj], j = 1, . ,2k, be the intervals corresponding to the trips of the curve 
H(u,, *) between U and V or between V and U. Then the number of trips of the 
same curve between cp(Wa) and cp(W ) b or between (p(wb) and ‘p( Wa) must also be 
even. Suppose for instance that the trip corresponding to b’, q’] is between U and V. 
Suppose, also that the number of trips between ‘p( Wa) and ‘p( wb) or between ‘p( wb) and 
cp(T/I/,) on the interval [0, p’] is strictly positive. Then, because on this interval the curve 
makes no trips between U and V, the first trip must be between cp(W,) and ‘p(wb) and 
it must be paired with a trip between p(wb) and (P(W~). So, the total number of trips 
between cp(W,) and (p(wb) or between Cp(r/ca) and ‘p( Wa) on the interval [0, p’] must 
be even. The same type reasoning applied to the intervals lp’ , q’]; [ql, p2], . . . , [q2”, l] 
shows that the difference tr(a, U, V) - 2k is even. It follows that a E A, so that A, is 
closed. Similarly we can prove that A, is closed. This completes the proof. q 
Corollary 2.3. If K is a convex, compact subset of a linear topological space, then 
KEAH. 
Corollary 2.4. Let K be a compact, arcwise connected subset of the plane IR* such that 
its complement IR2\K is connected. Then K E AH. 
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We can prove a stronger version of Corollary 2.4. Before we state this result we recall 
one definition. Let K be a topological space and LY and /3 simple closed curves in K. 
We say that the curves o and p are isotopic in K if there is a homotopy H between a 
and /3 in K such that for any fixed u > 0 the mapping H(u, *) : [0, l] --f K is a simple 
closed curve in K. 
Lemma 2.5. Let K be a compact subspace of the plane I@ and let Q : [0, l] + K and 
/!I: [O, l] + K be two simple curves in K with properties a(O) # o(l), a(0) = p(l), 
o(l) = P(O), and o(r) # P(s) f or any t, s E (0, 1). Let 0 be the domain inside the 
simple closed curve a@ and let 0 C K. Then a is isotopic to ,8 in K. 
Proof. By the Shoenflies Theorem (see, for example, [4, p. 75]), there is a homeomor- 
phism f of cl 0 onto the closed unit disk U such that the image of cr under f is the upper 
semicircle S+ and the image of /? is the lower semicircle S-. Because S+ is isotopic 
to S- in U, the inverse homeomorphism, f-‘, generates an isotopy between a! and p 
inK. 0 
Lemma 2.6. Let K be a compact subspace of IR2 and let cx : [0, I] --f K and p : [0, l] + 
K be two simple closed curves in K. Suppose that CI and ,!3 encircle exactly the same 
components of R2\K. Then CE is isotopic to ,0 in K. 
Proof. If Q and ,8 never intersect, then as in Lemma 2.5, the result follows easily. If they 
do intersect, we assume the parametrizations are such that a(0) = p(O) = o( 1) = P( 1). 
Now, from the conditions, there are at most countably many intervals (&, z) and (5, Sn) 
with properties o(b) = /3&J, Q(G) = P(G) and o(t) # P(s) for t E (&,K), 
s E (5, ZJ and cl 0, c K, where 0, is the domain inside the curve o([tn,~l P]rs,,zl. 
By Lemma 2.5, there is an isotopy H, between LY restricted to /&, a and p restricted 
to [&, ~1. Also notice that for each t E [0, l]\ U[&, ZjJ there is exactly one s E [0, 11 
such that a(t) = p(s). It is plain to see now that using the isotopies H, we can produce 
an isotopy between a: and ,0. 0 
Theorem 2.7. Let K be a compact, arcwise connected subset of the plane IR2 such that 
E%‘\K consists of a finite number of components. Then K E AH. 
Proof. As in the proof of Theorem 2.2, let us once again let y be a simple curve between 
a and b and for any natural m let cp cm) be the mth iteration of cp. For any m, the mapping 
~(~1 o y is a simple closed curve in K and so, in view of our conditions, we can find 
natural numbers m and tr such that 0 < m < n and the curves v(m) o y and p(n) 0 y 
have exactly the same components of JR2\K inside them. If there are no components of 
IR2\K inside these curves, then each of them is homotopic to 0 and we can proceed as 
in the proof of Theorem 2.2. If the number of components inside the curves is positive, 
then by Lemma 2.6 the curves v(m) o y and ~(“1 o y are isotopic in K. Let H be an 
isotopy between them and for any u E [0, l] let A, = @‘L) ({H(u, t): t E [O, 11)). 
There are three possibilities. 
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(1) cpcm)(a) $ {H(u, t): t E [O, l]}. In this case y-(m)H(u, *) is a simple closed 
curve in K. 
(2) ~(~1 (a) E {H(u, t): t E [0, 11) and the set A, is connected. In this case, since 
H is an isotopy, we have either 
limy-(m)H(u,t) = a and pxyp-(““)H(u!t) = b or 
t+0 
F;p-(m)H(u, t) = b and lii ‘p-(m)H(u, t) = a. 
In either of these cases A, is the image of a simple curve between a and b. 
(3) The set A, is disconnected. In this case, since cp is a homeomorphism on K\{a, b}, 
and H is an isotopy, A, consists of exactly two components; one of these is a 
singleton {u} or {b} and the other is the image of a simple closed curve in K. 
We can now express the interval [0, l] as the union of three disjoint sets: 
El = {u: A, is the image of a simple closed curve in K}; 
E2 = {u: A, is the image of a simple curve between a and b}; 
E3 = {u: the set A, is not connected}. 
We claim E3 is open. Let u E E3. Find disjoint, open sets VI and VZ contained in K, 
so that K n A, # 0, Vz n A, # 0, and VI U V2 is an open neighborhood of A,. If u 
is sufficiently close to U, then A, c VI U V2, A, f? VI # 0, and A, n VZ # 0; therefore 
v E E3 and E3 is open. 
On the other hand E3 is also closed in [0, 11. For let Uk be a sequence in E3 and let uk 
converge to U, where A, is connected. Then A, contains the image of a simple closed 
curve in K such that both a and b belong to this image. But in this case the closed curve 
H(u, *) cannot be simple. But 0 E E2, hence E3 = 0 and [0, l] = El U Ez. 
We now claim that El is open. For if a, b 4 A, and u is sufficiently close to U, then 
a, b $ A,. However, El is also closed. If Uk is a sequence in El and Uk converges to 
u, then for any k the set A,, contains the image of a simple closed curve and then so 
does the set A,. It follows that u E El and so El is closed. But if El is both open and 
closed, it must be empty and so E2 = [0, 11. But Al contains the image of the simple 
closed curve pcnern) o y. This contradiction proves the theorem. 0 
Let us recall some definitions. An arcwise connected space K is called locally semi- 
simply connected if for any k E K there is an open neighborhood V of k such that any 
closed curve in V is homotopic to 0 in V. The space is called locally simply connected 
if it is locally arcwise connected and locally semi-simply connected. From Theorem 2.7 
we have the following corollary. 
Corollary 2.8. If K is a locally simply connected compact subset of R2 then K E AH. 
Problem 2.9. If K is an arbitrary compact, locally simply connected space, then does it 
follow that K E AH? 
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The following examples show that the conditions in Theorem 2.7 and Corollary 2.8 
are necessary. 
Example 2.10. 
(4 locally K with K # AH. Let 
K be a compact subset of IR2 consisting of the graph of the function f and its 
reflection about the z-axis, where 
~sin(rr/z) 
f(x) = { 0 
if z 6 (0, I], 
if 2 = 0. 
@I 
cc> 
(4 
(4 
If we identify the points (2/3,2/3) and (2/3, -2/3) in K then the resulting space 
is clearly homeomorphic to K, so that K 4 AH. K is locally arcwise connected 
but not semi-simply connected. 
A regular closed, locally arcwise connected, connected, compact subset of IR2 
which does not belong to AH. Take the closed unit disk and delete all the points 
inside the curve constructed in (a). The resulting space has the required properties. 
A locally semi-simply connected, connected, compact, non-locally arcwise con- 
nected subset of IR2 which does not belong to AH. Let K be the union of the 
circles centered at the points (l/2 + 1 /n, 0) with radii l/2 + 1 /n, for n = I, 2, 
and the circle radius Clearly q?! AH. case 
semi-simply but not arcwise (indeed, not locally 
A compact, non-locally connected belongs 
AH. (c), annuli radii l/n and l/n- 
A locally connected, compact K with but 
that any then the space not 
Let the 2.10(a) and let XU [0, I]. If we identify 
the points (2/3,2/3), (2/3, -2/3), and (2/3,0) in K, then the resulting space is 
homeomorphic to K, so that K $ AH. But for any pair of points a, b E K, if a 
and b are identified the resulting space is not homeomorphic to K. 
These examples suggest the following problem: 
Problem 2.11. Describe all the subsets of IR2 which belong to AH. 
3. Products 
Notice that we do not assume compactness in this section. 
Theorem 3.1. If X $ AH and Y has at least one isolated point, then X x Y $ AH. 
Proof. Let p be an isolated point of Y. Then there exists a continuous surjection f : X x 
{PI + X x {PI h h w ic is a homeomorphism except on a finite set F & X x {p}. Let 
g:X~Y-tXxYbetheidentityon(XxY)\X~{p}andfonX~{p}.Theng 
is an almost homeomorphism which is not a homeomorphism so X x Y $! AH. 0 
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Corollary 3.2. If X has at least one isolated point and X 4 AH, then X x X $ AH. 
Notice that it follows from Theorem 3.1 that X x Y may admit such a map without 
both X and Y admitting a map. 
Theorem 3.3. rf’ X and Y are locally connected and have no isolated points, then 
XXYEAH. 
Proof. Assume X and Y are locally connected without isolated points and X x Y 6 AH. 
We reach a contradiction by showing Y has an isolated point. Assume there is a finite set 
F C X x Y and a continuous surjection f : X x Y -+ X x Y which is a homeomorphism 
except on F and which identifies the points ZI i 22, . , &I in E‘ to (c,d) E X x Y and 
identifies no other points of F to (c, d). Now find disjoint open sets WI, W2, . . , M/:, in 
XxYsuchthatforeachi== I....,n,zi E W, and W, n (F\{zL}) = 0. Then U f(W2) 
is an open neighborhood of (c,d) and f(Wi) n f(I&\) = {(c,d)} for i # j. Using the 
product topology and the local connectedness of X and Y, there exist open, connected 
sets I! C X containing c and V C Y containing d such that (c, d) E U x V C IJ f(Wi). 
If y E V, then U, = U x {y} is connected and contained in U f(Wi). Since the sets 
.f (WS )\{ (c. d)} are open and pairwise disjoint, either U, is completely contained in one 
of these sets or CJy n {(c, d)} # 0, so that y = d. 
Claim. U, il { (c? d)} # 8. 
Proof. Assume U, n {(c, cl)} = 0 and !IJV is completely contained in one of the sets, say, 
u$l c S(wl)\{(Gd)). L e us label W” = U{Wi: i # 1). Since U, C f(Wt)\{(c,d)}, t 
then for every u # c in U, ({u} x V) n f(W’~)\{(c, d)} # f,?~. Now, if for every u # c in 
U we have ({r~} x V)nf(W*)\{(c,d)} = 0, then (li x V)\({c} x V) C f(Wl) so that, 
by the openness of f(lV*)\{(c, d)}, it follows that (U x V)\{(c, d)} C f(lVt)-which 
is not possible. Hence, for some u # c, {u} x V intersects both f(Wt)\{(c,d)} and 
.f(~~*)\{(c, d)) d . an 1s contained in their union. This contradicts the connectedness of 
{II} x V. and so U, n {(c, d)} # 0. 17 
Since this is true for every y E V, V = {d} and hence d is isolated in Y. 0 
Corollary 3.4. IfX is locally connected and has no isolated points then X x X E AH. 
Example 3.5. The condition that X and Y be locally connected is necessary in Theo- 
rem 3.3 and Corollary 3.4. Let X = Y = C (the Cantor set). Then neither X nor Y is 
locally connected and neither has isolated points. However, since C x C is homeomorphic 
to C’, X x Y $! AH by Theorem 1.14. 
Appendix A 
In this appendix we give the motivation for the main problem of this paper. 
A bounded linear operator T on a Banach space X is called a Fredholm operator if 
the image TX is closed in X and dim kerT + dimker T' < x. It is well known [2] that 
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an operator is Fredholm if and only if the corresponding factor-operator is invertible in 
the Calkin algebra L(X)/s(X) ( w h ere s(X) is the ideal of all compact operators on X). 
Let a(T) be the spectrum of T in X. The Fredholm spectrum af (T) of T is defined as 
af(T) = {A E o(T): XI - T is not a Fredholm operator}. 
Let K be a compact Hausdorff space and cp a continuous mapping of K onto itself. 
Let TV where Tpf = f 0 p, f E C(K), be the corresponding composition operator on 
the space C(K) of all continuous complex-valued functions on K. It is well known (see, 
for example, [3]) that if the mapping is not a homeomorphism then TV is a noninvertible 
isometry of C(K) onto itself and the spectrum a(T,) of the operator Tp is the unit disk. 
Moreover, it follows that for any X, IX/ < 1, we have ll(U - Tp)fjj > (1 - IXl)]lfll, 
f E C(K), and therefore for any such X, the set (X1 - T,)C(K) is closed in C(K) and 
ker(X1 - T) = 0. There are two alternatives [6, Theorem 5.171. 
(1) dim TX/X < 30. In this case dim ker(XI - T’) < co for any X, 1x1 < 1, and 
of(T) coincides with the unit circle. 
(2) dimTX/X = cc. In this case af(T) coincides with the unit disk. 
The condition dim TX/X < cc is equivalent to the following one: there is a finite subset 
F of K such that the restriction of cp onto K\F is one-to-one. Thus, it is of interest to 
know which compact spaces admit such a mapping. 
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